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Abstract

Event-triggered Control (ETC) presents a promising paradigm for efficient resource usage
in networked and embedded control systems by reducing communication instances compared
to traditional time-triggered strategies. This paper introduces a novel approach to ETC for
discrete-time nonlinear systems using a data-driven framework. By leveraging Koopman
operator theory, the nonlinear system dynamics are globally linearized (approximately in
practical settings) in a higher-dimensional space. We design a state-feedback controller and
an event-triggering policy directly from data, ensuring exponential stability in Lyapunov
sense. The proposed Koopman Operator-Based Event-Triggered Control (KOETC) method
is validated through extensive simulation experiments, demonstrating significant resource
savings.

Keywords: Koopman operator, event-triggered control, lifting linear predictors,

data-driven control.

1. Introduction

ETC is an implementation strategy in which the plant and its controller only exchange
data when certain output- or state-related conditions are met. Event-triggered control seeks
to reduce communication instances by concentrating on the real needs of the system, in con-

trast to traditional conservative time-triggered strategies that depend on fixed time intervals
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for communication. In situations where efficient use of resources is essential, like networked
control systems and embedded systems, this paradigm has become more and more popular.
ETC strategies, which offer improved system performance and resource savings in a variety
of setups and control problems, have been developed in the literature thanks to the early
results by Aarzén in [1], Eker, Hagander, and Aarzén in [2] and the work of Tabuada [3],
and Heemls et al. [4].

In most of the current research, parametric state-space models are the foundation of
traditional control engineering, where the plant to be controlled must first be identified or
modeled. These models make use of the data from the system (from the input and the out-
put) and are frequently written down starting from physics first principles or architecturally
constrained system identification techniques. But in cases when first-principles models are
intricate or hard to derive, they can only be considered as approximate representations of
real systems, which inevitably leads to modeling errors. These errors impede accurate control
design and spread through the phases of analysis and implementation, affecting the overall
performance of the system.

By excluding the demand for explicit system identification and instead of leveraging data
gathered from open-loop simulations/experiments for any system control analysis and de-
sign, data-driven control techniques serves as a promising alternative. Several data-driven
techniques for creating state feedback controllers and illustrating system dynamics have been
shown in recent works, such as those by da Silva et al. [5], and De Persis and Tesi [6]. These
techniques greatly streamline the control design process and do not require constantly excit-
ing input data. There are also numerous applications of data-driven control in fields such as
robotics |7], aerospace [8], and power systems [9]. Other methods, when the model is com-
pletely unknown, such as SINDy [10] can be utilized to firstly get a nonlinear representation
of the dynamics of the system. For example, this approach is applied to model the dynamics
of: i) quadrotors’ [11], ii) disease [12], iii) optics communication systems [13|, iv) chemical

processes |14], v) and also robotics applications [15].



However, an alternative option in the situation, when first principles or system identifi-
cation techniques fail, would be to construct the controller directly using the input, state,
and output data that are now accessible. This approach is known as direct data-driven
control [16, 17, 18]. Although the literature is full of data-driven techniques for control, only
a limited number of techniques exist in the current literature [19, 20, 21| for data-driven
event-based control, particularly for nonlinear systems.

There exists, therefore, a profound demand for comprehensive data-driven event-based
control methods tailored for general nonlinear systems, particularly applicable to discrete-
time systems in our case. In many cases, it is appropriate and feasible to formulate the
control and triggering conditions as data-dependent Linear Matrix Inequality (LMI). Given
that most of the existing literature on ETC is well developed for Linear Time Invariant (LTI)
systems, we aim to globally linearize nonlinear systems by increasing the dimensional space
in which they reside.

This is not totally a new idea, as Koopman and von Neummann [22, 23| in 1930s presented
a trade-off between the nonlinear nature of dynamical systems and infinite dimensional
representation of the same nonlinear system but it will look linear in the lifted space. Another
resurgence of attention in mid 2000s in the work of Mezi¢ and Banaszuk [24, 25] has led to
new applications and studies using the idea in many fields including, robotics, fluid dynamics,
epidemiology, power grids |26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37| and many other fields
due to the intersection between data science and the easy-to-access computational domain.

We consequently propose KOETC, a technique inspired by Koopman Operator (KO)
to acquire (approximately) global linear systems but in a higher dimensional space. After-
wards, we design the controller and the triggering policy for ETC for discrete-time linear
systems directly from controlled system data, all together ensuring performance metrics (i.e.

Lyapunov exponential stability).



1.1. Contributions

By combining Koopman operator theory with event-triggered control (ETC), this paper
makes a contribution by introducing a Koopman-based approach to ETC for discrete-time
nonlinear systems. Through the approximate global linearization of nonlinear dynamics

made possible by this integration, the following direct, data-driven designs are made possible:

e An event-triggering policy minimizes resource consumption by updating control actions

only when required, reducing communication instances; and

e A state-feedback controller, which effectively stabilizes the system by utilizing the

Koopman-lifted linear dynamics.

In comparison to time-triggered approaches, the KOETC framework reduces communi-
cation events in simulations by up to 40% while achieving stability in the Lyapunov sense.

The rest of this paper is structured to methodically construct and validate the suggested
KOETC framework after the motivation and goals have been established. The preliminary
information and notations that are necessary to comprehend our methodology are outlined
in Section 2. In Section 3, the KOETC framework’s design is examined in detail, including
the triggering policy and data-driven controller. We provide simulation results in Section
4, which show how effective the approach is. The work’s conclusions and possible future

research directions are finally provided in Section 5.

2. Preliminaries

2.1. Notations and Basic Definitions

Let Zso :={0,1,2,...} denote the set of nonnegative integers, and let Z~ := Z>o \ {0}
denote the set of positive integers. We denote by R the set of real numbers and use a
similar notation as for Z. The ¢; norm of a vector (a finite sequence) is denoted by || - ||
The symbols I and 0 denote the identity matrix and the zero matrix, respectively. Given a

symmetric matrix A, the notation A > 0 indicates that A is positive definite, while A > 0
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means that A is positive semi-definite. Similarly, A < 0 indicates that A is negative definite
and A < 0 means that A is negative semi-definite. For any matrix A, AT denotes the
transpose of A. The symbol N (u,0?) represents a normal distribution with mean p and

variance 2.

Also, the symbol U(a,b) represents a normal distribution from the interval
la,b]. The symbol \; denotes an eigenvalue of a matrix. We define (-, -) as the inner product
between the two vectors/functions a,b. A square-integrable function r, or an L2-function,
is a measurable function for which the integral of the square of the absolute value is finite
as: r(x) € L*[—o0,00] — [7_|r(z)|?dz < oo. A pair of functions ¢; and ¢; are said to be

orthonomal if (;, ¢;) = d;;, where d;; is the Kronecker-delta function. We use (-) to denote

the complex conjugate.

2.2. Problem Owverview

Consider the discrete time dynamical system

Trp41 = f(mlﬁuk)’ (1)

where the state is z;, € R" and u; € R™ is the control input, each at time instant k € Z
with n,m € Z~q, and f is a transition map such that f : R™ x R™ +— R", generally nonlinear,
and assumed to be unknown, and stabilizable.

We consider a scenario where the system in (1) is connected to a controller via networked
medium. Especially, the state readings are provided to the controller through a digital
channel, and the controller has direct access to the actuators. The goal is to design a data-
driven event-triggered state-feedback controller with gain K € R™*™ to stabilize the plant
in (1) while abiding by a triggering policy that defines the instances {k;};cz at which a
transmission happens, with Z C Z>,. At the time instant k£ = 0, we consider a transmission
happens, so that ky = 0. In our settings, the controller is updated only upon the violation
of some well-defined triggering policy in contrary to the nominal Time-triggered Control

(TTC). The sequence {k;};cz leads to aperiodic updates of the controller. The controller



then follows a zero-order hold implementation that takes the form of

Up = Kl‘ki, k e [ki,ki+1). (2)

The state error takes into account the provided controller’s zero-order hold mechanism.

€ = Tk, — Tk, (3)

which can be seen as the deviation between the current state and the last time an event (1)
happened. We consider the relative thresholding metric and events occur with the violation

of the condition

lexll < yllll (4)

where v > 0 is a relative parameter for the thresholding policy. The policy in (4) is checked
every time instant k, and only upon violation of the policy, the control is updated. An
overall picture of the ETC framework is shown in Fig. B.1 where the plant P can represent
(1), the controller C represents the control law (2), and the event-triggering policy can be

represented as in (4).

2.3. Persistence of Fxcitation

Consider a carried out experiment for the system in (1) and its states and input data are

recorded in the following way

D = {x,up: k€ [0,(T—1)]NZ>o},



where T is the final time of the experiment. Let set D exists. Then, we define

Up := |:UO U ... 'U,T1:| € RmXTa (5&)
X = {xo Ty ... le] e R, (5b)
X = [xl Ty ... acT} e R, (5¢)
Assumption 1. Taking into account T' > n + m, the matrix [50] has full row rank. 0

Assumption 1 can be verified numerically for a given set D. The results of Willems
et al. [38] ensures, for discrete-time systems, the validity of assumption 1 as long as u is

persistently exciting signal.

3. Framework

3.1. Koopman operator theory

Definition 1 (Koopman Operator (KO)'). Consider the system given in (1). The KO K;

is an infinite dimensional operator

Kig(xr) = & o flar), (6)

acts on £ € H : R" — R, the observable functions of the state space, where o is the function

composition. ]

The KO acts on the Hilbert space H of all scalar measurement functions £ and is by

definition a linear operator—since for &1,& € H and 1, 52 € R

Ki(B1&1, B282) = Bi&io f + Pa&ao f

= B1K:& + BaKi&a,

'More details on the proof of this is given in the appendix.



An infinite-dimensional space H of observable functions is used to represent a nonlinear
system linearly using KO method [39]. This means that the dynamics are changed from
nonlinear, finite-dimensional to linear, infinite-dimensional upon transitioning from the state-
space model to the Koopman representation (see Fig. B.2). However, we are interested in a
finite-dimensional approximation of KO from a practical perspective. Several approximation
methods are addressed in [40, 41].

To extend this analysis to controlled systems, there exists several methods including
[42, 43|. In [42], the authors treated the controlled system as uncontrolled while treating
the input as a system parameter. On the other hand, Korda and Mezi¢ [43] dealt with the
controlled system in an extended state-space to account for control.

Here, the approach of [43] will be revisited in a short way. In particular, consider the
system in (1). Let () be the space of all infinite vectors u® = {uy}72, with the symbol
u, € U and U being an input space. We denote the left shift operator Tby G* (e.g., Gruj, =
up,). Also, define X to be an extended state such that, X = [Cﬁk Uz] . S0, the system in
(1) can be updated to be,

Ko = fla) = |1 ®)
G*uy,

If € € H: R"xR™ — R be a new version of the predefined observable function, the Koopman

operator IC; : H — H for the controlled system is then be,

Ki€(X) =Eo f(X). (9)

This was a demonstration of the extension from the uncontrolled systems to the controlled
systems. From now on, we will use f,and & interchangeably between controlled and uncon-
trolled systems unless otherwise stated.

Also, KO provides (approximately, in a practical settings) global linear representation

for nonlinear dynamics if the right set of observable functions is chosen in as shown in the



sequel. Generally speaking, the observable functions are hard to identify. They can be found
by many method including, but not limited to, brute-force trial and error in a specific basis
for the Hilbert space (e.g., trying numerous polynomial functions or Fourier basis functions)
or by prior knowledge about the system. Several efforts have been made on this matter
[44, 45, 46, 47, 48, 49, 28] — just to name a few.

Motivated by the preceding analysis, we will make use of the idea of lifting the nonlinear

dynamics from its state-space to look linear in a higher-dimensional state-space.

Remark 1. Our method necessitates a blurry prior physical knowledge of the underlying
plant, not necessarily a complete knowledge, but at least a knowledge that can describe the

domain shape in which the system operates to design the observable functions. 0

Remark 2. At this stage of the work, we design the controller directly from the data. This
step requires a set of observable functions that are satisfactory to approrimate KO with
notes regarding that being discussed in remark 1. In the sense that we do not focus on the
identification of the KO itself, we did not include discussion on such a topic. However, in

more general scenarios, one may need to identify the operator for any purpose. Readers can

refer to [50, 51]. O

Now, the collected set D should be revised. Instead of having the system’s states

only, we must consider the additional observable functions taking the form of Z(z) =
T

&(x) &(x) ... fp(x)] . The observable functions = € RP(p > n). Note that we only

lift the state not the control. So the set D becomes

UO = |:U0 Uy ... UT_1:| € RmXT7 (10&)
Zy = =(Xy) € RP*T, (10b)
7y = 2(X,;) € RP*T, (10c)

Remark 3. In response to this change, a slight modification of assumption 1, where T >



n + m will be replaced by T > p + m. 0

Hence, after choosing the set of observable functions, the system in (1) can be now

formulated as

Zpe1 = Az + Buy, (11a)

3.2. Fvent-triggered Control For the Lifted Representation of the Non-linear Dynamics

Let’s consider the system given in (11), the globally linear version of the system in (1),

subject to the controller (2) that result in

Zk4+1 = AZk + BKZ]% (12&)
= Az, + BKz, + BKz,, — BKz, (12b)
= <A+BK)Zk+BK€k, Vk € [/{Zl, ki+1>, (12C)

which can be understood as a closed-loop representation of the system in (11) with the state
error.

An alternative representation of the event-triggered closed loop system should be derived
to account for the data-driven nature of this work. In ref. [52] the authors derived a data-
driven representation of the closed loop system without considering the matrix BK. On the
other hand, Digge and Pasumarthy [20] arrived to a closed loop representation that allows
dealing with the event-triggered formulation. The representation in [5] is modified to account

for the lifted linear representation of the nonlinear dynamics.

Lemma 1 (Data-driven event-triggered cloosed loop representation |20, 6]). The equivalent

data-driven closed loop representation of the system (12) under the satisfaction of assumption
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1 and where

I Zy Zy
= L, and = N, (13)
K U() K UO
holds is given by
Zk+1 = ZlLZk + ZlNek, (14)
where L and N are T X p matrices. 0

Proof. Let assumption 1 holds. Hence, by the Rouché-Capelli theorem, there exist L and N

matrices that satisfy (13). So, another representation of (14) can be written as

I 0
241 = {A B] 2+ [A B} k-
K K
Using (13), the closed-loop system is given by
Zy Zy
Zp1 = [A B} Lz, + {A B] Ney
Uy Uy
Z1 Zl

Therefore, the data-driven representation of the closed-loop system (12) is given by (13). [

This formulation can be considered as a reparametrization of the system in (12) in terms
of data. In other words, no need for the prior explicit system identification step. Since
the formulation is derived, we move forward to derive the condition for system (14) to be
exponentially stable in Lyapunov sense. A linear system described by zp.1 = Az, where
A € RP| is considered exponentially stable if there exists a function V' : R +— R defined by

V(2x) = 2] Sz, with S = 0 and symmetric, such that V(z;,11) < aV/(z;) along the system’s

11



trajectories for all £ > 0 and for some a € A =10,1] € R.

Remark 4. For unstable systems, the choice of « is critical as it impacts the values of the
controller gain K (o) which must satisfy the necessary conditions and thresholds to stabilize

the system. Mathematically we can formulate it as,

a :érelﬁt{a CK(a) = |\ <1, YA,

where the K(«) is the gains corresponding to one value of o on A. d

Considering a classical Lyaponuv candidate function descried in the later paragraph, the

exponential Lyaponuv stability criteria? is given by
T
2k L"ZSZ\L —aS L'Z/SZ /N | |z

<0 (15)
er NTZISZ L NTZISZN| |e

In this work, the design of the ETC strategy should not violate the Lyabunov stability

condition in (15) to ensure exponential stability.

3.8. Learning Controller From Data

Firstly, we design the controller gains to stabilize the globally linearized system. We

consider the data-driven closed loop representation in (14) neglecting the error at this stage
Zk+1 = ZlLZk, (16)

the controller gains can be designed directly from data, as discussed in [6, Section IV. A].

Further, the following theorem ensures the Lyaponuv stability condition.

Theorem 1 (Direct Controller Design). Let condition 1 hold. And by exploiting the results

2The full analysis is given in the appendix.
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of lemma 1. Then any matriz G, that satisfy the following LMI,

Z0Gy GTZT

=0 (17)
ZGy ZyGy
results in
K = UyG1(ZyGy) ™ (18)
which stabilizes the system (11). O

Proof. To check the stability in exponential decay of the system (16) with a rate «, implies

L'Z,SZ\L —aS <0, (19)

with L satisfying (13). Let G := LS™!, and pre- and post-multiply (19) by S~!, the stability

of the system can be guaranteed if there exists two matrices G; and S such that

GIZFSZlGl — CYS_I j 0
KS™ = UyG1
S_l - Z(]Gl

Moreover, we use S~! = Z,G, and obtain

GIZlT(ZoGl)ZlGl — aZOG1 j 0
ZoG1 =0
K = UoGl(ZoGl)_l

Using Schur’s complement lemma on the first inequality, we reach to (17) which results in

gains given from (18) that exponentially stabilize the system. O

13



3.4. Learning the Triggering Policy from Data

In the interval [k;, k;i1), it is essential that inequality (15), which ensures exponential
convergence, is also satisfied. The following theorem derives a window for the parameter ~

that ensures the stability of system (14).

Theorem 2 (Optimal Threshold). Assume that the condition 1 is satisfied. So, the relative
threshold parameter ~ for the event-triggered implementation (4) with the controller (18) can
be calculated by solving for v such that

pra

s.t.

OéZ()Gl Q GIZ;— "}/Z()Gl
0 q Gzl 0 (20)

Y
=

Gy Z1Gy ZyGy 0

vZG1 0 0 ql

qg>0, ZyGy=0, UGy—qK =0,

which will result in stability of the system (14) in exponential behaviour. 0]

Proof. For exponential stability during event-triggered control, whenever the triggering con-
dition (4) is met, the condition (15), which guarantees stability, must hold as well. This
relationship can be encoded using the S-procedure [53]. According to the S-procedure, (4)

implies (15) if there exists a constant 1 > 0 such that:

—*1 0 . LT Z[SZ\L —aS LTZ[SZ L
0 I LTZ[SZ\L  LTZJSZ.L
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Using Schur’s complement, and post- and pre-multiplying by the diag(S—!, I, I), we derive:

—ny?S72 4+ St 0 SLTZ!
0 nl Nz | =0
ZlLsil ZlN’nil St

By changing the variables Gy = LS™!, Gy = n7IN, ¢ = n7 !, and S7! = Z,G,, we arrive at
the LMI:

OCZoGl Q GIZ;— ")/Z()Gl
0 ol  Gyzy 0

Y
o

Gy Z1Gy ZyGy 0

vZoGH 0 0 ql

The result of theorem 2 allows to maximize v over the variables G5 and q. The result also

implies that any v € [0,7*) stabilizes the system, where +* is the solution for (20). [

Now, we have all the components put together. A detailed algorithm for the entire process

is given in algorithm 1.

Algorithm 1 KOETC: Koopman Operator-Based Event-Triggered Control

Require: o, Xy, X1, and U

. Lift Xy, and X via (10 b, and ¢)

Solve for Gy in the LMI given in (17)

Solve for the controller gain K in (18)

Maximize the threshold parameter v to get 4* in (20)

Choose any v € [0,7*], (typically the max. value gives wider inter-event time window)
return *, and K

15



4. Illustrative Simulations and Results

4.1. Illustrative Example: Proof of Concept

We consider a case of nonlinear system with slow manifold used in relative works [54, 55,

56]:

T T
1 o pPT1 (21>

To KTy + (p* — k)3 +u

In this scenario, there exists a polynomial stable manifold defined as xo = x?. Within

the Koopman-inspired framework, if the correct observable functions were chosen such that

(1]

-
(r) = {Il To xf] , the nonlinear system in (21) can be expressed linearly as

Z1 P 0 0 z1 0

29 =10 & (pP*P—rK)| 22| +|1]|w (22)
2

Z3 . 0 0 p Z3 i 0

Considering the parameters for the system, p = 0.6, and x = 1.2, the corresponding eigen-
values (displayed in Fig. B.4)

are \; = 0.6, Ay = 1.2, and A3 = 0.36. Since A\ > 1, the system exhibits instability and
the goal is to stabilize the trajectory around the origin. We collected the data for T' = 45
which is enough for assumption 1 to hold — on a theoretical note, 7" > m + p samples should
be enough (i.e. in this example T' > 4) to obey assumption 1. Therefore, T' = 4 should work.
The input signal is drawn from a normal distribution following u ~ A(0,1).3

Then, after deploying the steps in algorithm 1, we obtain K = |0.0206 —1.1109 —0.1530],
which in turn gives v* = 0.7664. We simulated the system for both ETC, and TTC and

illustrated the behavior in Fig. B.3. All the results depicted in Fig. B.3, are acquired after

3The used code can be found at: zmanaa.github.io/koetc
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pulling the states back from the higher-dimensional space, in this case from R3 to R2, by
applying (11b) with C' = [29].

Fig. B.3(a), illustrates the state evolution x; and x, against time under both ETC
and TTC techniques. The trajectories for ETC demonstrate excellent tracking performance
in comparison with the nominal TTC. This highlights the efficacy of the developed event-
triggered approach in maintaining system stability while minimizing unnecessary updates.

Also, in Fig. B.3(b), the graph shows that ||ex|| remains consistently below ~||xy||, sat-
isfying the triggering condition. As shown in Fig. B.3(c), the substantial reduction in com-
munication instances (40%) addresses potential concerns regarding communication overhead
in practical implementations.

Additionally, results in Fig. B.3(d) depicts the ratio of the Lyapunov function V (zg11)/V (zk)
compared to the stability decaying rate a. The ratio remains below «, verifying that the
proposed event-triggered control law ensures exponential stability of the system. This gives
another check of the theoretical guarantees provided by the Lyapunov-based stability anal-
ysis.

The results in Fig. B.3(e) show the trajectory of the system in the state space and the
instances on the trajectory in which the event occurs.

Finally, As seen from Fig. B.5, ETC not only achieves comparable performance to TTC
but with fewer communication resources and less control cost which matches our hypotheses.
These findings indicate the high effectiveness of ETC in optimizing resource utilization.
Another note in our experiment, both Koopman based linearization ETC and TTC have
control cost much lower than the traditional Taylor linearization technique, consistent with

the results of Brunton et al. [54].

4.2. Sensitivity Analysis

In this subsection, we embark on a detailed and thorough examination aimed at under-
standing the influence of various parameters on the system’s behavior and stability. This

includes an in-depth analysis of how different initial conditions and the parameter o impact
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the system dynamics. We explore these effects through a series of extensive simulations,
designed to provide a comprehensive view of the system’s response under a range of sce-
narios. By conducting these simulations, we seek to not only substantiate but also enrich
our theoretical insights. The simulations serve as a critical tool in validating our theoreti-
cal predictions, allowing us to assess their applicability and accuracy in practical scenarios.
This rigorous approach ensures that our findings are well-grounded and robust, offering a
clearer understanding of how these parameters interact to influence the overall stability and
behavior of the system.

Initially, we assessed the robustness of the algorithm by simulating ten different random
initial conditions drawn from a uniform distribution ~ U (—5,5). Fig. B.6 shows the behavior
of both x; and x5 while starting with those random initial conditions. The figures show that
while the initial conditions varies significantly, the behaviour of the system states stabilizes
in a finite amount of time. An interesting observation from the same figure is that the error
decay rate between the state and the reference in the log scale is nearly linear, supporting
the paper’s earlier demonstration of the exponential error decaying property.

Subsequently, the initial conditions were fixed at xy = [0_5 _0,4} simulations were
conducted across a fine grid of different o values ranging from 0.4 to 1. The choice of
0.4 as the starting value is informed by empirical observations, which indicate that this
value represents the minimum threshold necessary to achieve an adequate gain for system
stabilization, as detailed in remark 4. Fig. B.7 demonstrates that for each value of «, there
is no violation in the rate of Lyapunov function decay. The values on the x-axis in this
figure must not exceed their corresponding values on the y-axis (i.e. they cannot cross the
line max (V(k +1)/V(k)) = a). In other words, no deviation from the expected decaying

behavior is observed.

4.3. Time and Computation Insights
With a persistently excited signal sequence with a length of 45 in a three-state system,

the algorithm’s efficiency was clearly demonstrated by the fast execution of the controller
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learning process, which required only 0.4 seconds on an M2 MacBook Air. Moreover, the
learning of the triggering policy, which governs when updates to the control system are
necessary, was equally efficient. For the same problem setup, the algorithm completed this
task in 0.49 seconds.

By having these results of the low computation times, the algorithm not only shows
significant results in learning efficiency but also emphasizes its potential scalability for larger,
more complex systems. This high performance on a personal computer level further supports

the practical applicability of the method in a broad range of control scenarios.

5. Conclusion

To sum up, this study proposes an event-triggered control approach based on data-driven
methods for discrete-time nonlinear systems. By lifting the nonlinear dynamics into a higher-
dimensional linear representation inspired by the KO theory, the method makes it possible
to create an event-triggered controller driven by data. Through the development of a closed-
loop system and the implementation of a triggering strategy, the proposed method stabilizes
the plant with less frequent control updates.

The event-triggered closed-loop system’s exponential stability is guaranteed by the stabil-
ity analysis, which is based on the Lyapunov criterion. Numerical simulations and theoretical
analysis are used to show how effective the suggested strategy is. This work creates opportu-
nities for real-world applications in networked control systems and advances event-triggered
control techniques for nonlinear systems.

The foundations provided by this work shall allow dealing with many other scenarios
including, when the plant (discrete or continuous) include time varying parameters, when
the full state measurements are not available, or when policies other than the zero-order hold
is used. Additionally, examining the various lifting techniques available in the literature is

important, as well as, testing the scalability of the solution.
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Appendix A. Proof of the existence of the Koopman operator by construction

This introduces the proof of the existence of the Koopman operator. Firstly, consider the
dynamical system in (1), and a Hilbert space H of L*-functions with inner product defined

as,

(r(z),&(z)) = / r(z)é(z)dr, 1€ €H. (A.1)

b's
Suppose that the space H is spanned by orthonormal basis functions ¢y, o, ..., ¢,, then the

function £ € H can be expressed as

o) = S apila @ = (€lo)ai@) = [ c@ato)ds (A2

Consider a function f : R™ +— R"™ whose composition with £ is involved in the Hilbert

space as,

E(x) o fla) = &(f(x)) € H, (A.3)
this implies that the composition can also be expressed as,

e}

§@)o f(2) = Y biei(a); by = (@) o f(@), p4(a)), (A4)

Jj=1

but,

b 2 ([ wi@)] o @) 0i(a)) (A.5a)

- i“i@iﬁv) ° f(x)>wj($)>, (A.5h)
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therefore, (A.4) will be,

§@)o @) = 33 ai(wil@) o f(2),95(2)) () (A.6a)
i=1 j=1
=Y @Y (@) o f(@), (@) ¢i() (A.6b)
i=1  j=1
pi(x)of (z)
25 (ea) @) i) o (o) (A.60)
=1
= pile) o () {pi(), () (A.6d)
=1
-2 wilfe) [ aoecrac (A.60)
- [ > alr@la o (A1)
=1

=K¢(z,{), as a kernel

This means that the function £ is mapped to its composition with the function f through
the linear operator C;(z,(), which is exactly the Koopman Operator taking the form of
Ki§ = o f(r). These results can be easily applied to controlled dynamics as found in

section 3.1.

Appendix B. Lyapunov Stability Analysis

This subsection of the appendix presents the exponential stability of the system given by

Zk4+1 = ZlLZk + ZlNek (Bl)

in a Lyapunov sense with the candidate V (k) = 2} Sz;.
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First, V(zx41) can be computed as follows

V(Zk;_H) = (ZlLZk + ZlNek)T S (ZlLZk + ZlN€k)
=2 L' Z] SZ Loy + 2, LT 2] SZ,Ney + . .. (B.2)

o eaNTZISZ\Lay 4+ e, NT 2] SZ,Ney

Lyapunov exponential stability condition with convergence rate a can be reached by defining
V(zk41) < aV(z). This leads to the following identity based on the candidate Lyapunov

function

G LT 2 SZ Loy + 2 LT Z] SZ Ney + . ..
(B.3)
. ef NTZSZ Lz + e, N"Z] SZ Nej, < az, Sz,

By defining v = [Z¢], Eqn. (B.3) can be written in the form of v' Wv < 0, where

LTZTSZ\L—aS LTZTSZN
U= (B.4)
NTZISZ\ L  NTZ[SZN

Therefore, the Lyapunov stability condition for the system can be written as

T

a| |LTZ7SZ\L—aS LTZISZIN | |z
<0 (B.5)
e NTZISZL  NTZISZN| |e

If condition (B.5) is satisfied, it then guarantees exponential stability of the system with

convergence rate .
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Figure B.1: Block diagram visually providing representation that illustrates the core concept underlying
ETC. It showcases various components and their interconnections, highlighting the essential principles and
operational dynamics of the ETC framework.

29



State space Lifted linear space

Non-linear Linear

Trr1 = f(Tr, ur)

Figure B.2: Illustration of the Koopman Operator: The red panel represents the generic nonlinear state-
space. Conversely, the green panel represents the linear space.
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Figure B.3: Results of the illustrative example. (a) Behaviour of state x1 and x5 for both ETC and TTC
over the horizon. (b) Norms of the error |leg| and the threshold parameter 7||zg||. (c) Inter-event times
ki+1 — k; showing the intervals between successive events. (d) Lyapunov function ratio V(zx11)/V (x)) with
stability threshold «. (e) The phase portrait of the system trajectory in the state space showing both the
ETC and TTC behaviour, it also shows the instances at which an event happens along the trajectory in the
ETC framework.
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Figure B.4: The eigenvalues of the system given in (22). Clearly, all the eigenvalues are not contained
inside the unit circle indicating the system’s instability.
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Figure B.5: Comparison between ETC and TTC methodologies. The plot on the left shows the number
of communication instances for each control strategy, where ETC significantly reduces the communication
overhead compared to TTC. The plot on the right shows the corresponding control costs for both methods.
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Figure B.6: A simulation of ten random initial conditions drawn from a uniform distribution X ~ U(-5,5).
The figure shows the behaviour of z1 (left), and x5 (right).
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Figure B.7: The relationship between o and the Lyapunov function decay rate. Simulations confirm no
violations in the decay rate, as all points lie below the boundary max (V(k +1)/ V(k)) = q, ensuring system

stability across the tested a range.
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