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Main takeaway

Goal: To control highly unstable, nonlinear system with the simplicity inherent in

the linear control with global linear approximation.

Desired properties for our scheme:

1. Global Linearity. Converts nonlinear quadrotor dynamics into a globally

linear model instead of local traditional linearization (e.g. Taylor linearization).

2. Efficiency. Enables fast and computationally light control design.

3. Stability. Ensures robust stabilization of highly unstable systems.
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t

<latexit sha1_base64="paOzzzm7FTDFFH/XG8r/3DXRasY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQLyUpfh2LXjxWsB/QhrLZbtqlm03cnYgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5fiy4Rsf5tnIrq2vrG/nNwtb2zu5ecf+gqaNEUdagkYhU2yeaCS5ZAzkK1o4VI6EvWMsf3Uz91iNTmkfyHscx80IykDzglKCR2t0n3quW8bRXLDkVZwZ7mbgZKUGGeq/41e1HNAmZRCqI1h3XidFLiUJOBZsUuolmMaEjMmAdQyUJmfbS2b0T+8QofTuIlCmJ9kz9PZGSUOtx6JvOkOBQL3pT8T+vk2Bw5aVcxgkySeeLgkTYGNnT5+0+V4yiGBtCqOLmVpsOiSIUTUQFE4K7+PIyaVYr7kXl/O6sVLvO4sjDERxDGVy4hBrcQh0aQEHAM7zCm/VgvVjv1se8NWdlM4fwB9bnDydNj2c=</latexit> ⇠ 2
(t
)

<latexit sha1_base64="WutPccK51/vtn10n+6KIOz/EoNA=">AAAB73icbVDJSgNBEK2JW4xb1KOXxiDES5hxPwa9eIxgFkiG0NPpSZr0LHbXiGHIT3jxoIhXf8ebf2MnmYMmPih4vFdFVT0vlkKjbX9buaXlldW1/HphY3Nre6e4u9fQUaIYr7NIRqrlUc2lCHkdBUreihWngSd50xveTPzmI1daROE9jmLuBrQfCl8wikZqdZ5E97SMx91iya7YU5BF4mSkBBlq3eJXpxexJOAhMkm1bjt2jG5KFQom+bjQSTSPKRvSPm8bGtKAazed3jsmR0bpET9SpkIkU/X3REoDrUeBZzoDigM9703E/7x2gv6Vm4owTpCHbLbITyTBiEyeJz2hOEM5MoQyJcythA2oogxNRAUTgjP/8iJpnFSci8r53Vmpep3FkYcDOIQyOHAJVbiFGtSBgYRneIU368F6sd6tj1lrzspm9uEPrM8fKNSPaA==</latexit> ⇠ 3
(t
)

<latexit sha1_base64="F20Im9gcwDPBBeMa1BBfFscunEw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQLyWR+nEsevFYwX5AG8pmu2mXbjZxdyKW0D/hxYMiXv073vw3btsctPXBwOO9GWbm+bHgGh3n28qtrK6tb+Q3C1vbO7t7xf2Dpo4SRVmDRiJSbZ9oJrhkDeQoWDtWjIS+YC1/dDP1W49MaR7JexzHzAvJQPKAU4JGanefeK9axtNeseRUnBnsZeJmpAQZ6r3iV7cf0SRkEqkgWndcJ0YvJQo5FWxS6CaaxYSOyIB1DJUkZNpLZ/dO7BOj9O0gUqYk2jP190RKQq3HoW86Q4JDvehNxf+8ToLBlZdyGSfIJJ0vChJhY2RPn7f7XDGKYmwIoYqbW206JIpQNBEVTAju4svLpHlWcS8q53fVUu06iyMPR3AMZXDhEmpwC3VoAAUBz/AKb9aD9WK9Wx/z1pyVzRzCH1ifPypbj2k=</latexit> ⇠ 4
(t
)

Regression using DMD

<latexit sha1_base64="OtGdSop/gc8UeJHzSjNcd6I+BFk="></latexit>

K̂t = argmin
K̂t

k⌅(X+)� K̂t⌦̄kF

<latexit sha1_base64="74D8mAlXbdaa9RMppmsbBjUBhsg="></latexit>

⌅(X+) =
⇥
A B

⇤ ⌅(X)
�

�
= K̂t⌦̄,

<latexit sha1_base64="IybVF9LdEnabCgjDyV9xoAJ/zLY="></latexit>

X+ =

2

4
| | |
x2 x3 · · · xl

| | |

3

5 ,

X =

2

4
| | |
x1 x2 · · · xl�1

| | |

3

5 ,

� =

2

4
| | |
u1 u2 · · · ul�1

| | |

3

5

<latexit sha1_base64="Fc/NuU4Eg9yahtYwSNGVLN1PoN4="></latexit>

k�kF =

vuut
nX

j=1

mX

k=1

�2
ik

(1) Collect data (2) Select lifting functions (3) Lift and arrange snapshots (4) Approximate Koopman

<latexit sha1_base64="u8GrdBPBEZa2SK0J6tnRav9R6aY=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCfUATy2QySYdOJmFmIpSQ33DjQhG3/ow7/8Zpm4W2HrhwOOde7r3HTzlT2ra/rcrK6tr6RnWztrW9s7tX3z/oqiSThHZIwhPZ97GinAna0Uxz2k8lxbHPac8f30793hOViiXiQU9S6sU4EixkBGsjuXnxmLsBjiIqi2G9YTftGdAycUrSgBLtYf3LDRKSxVRowrFSA8dOtZdjqRnhtKi5maIpJmMc0YGhAsdUefns5gKdGCVAYSJNCY1m6u+JHMdKTWLfdMZYj9SiNxX/8waZDq+9nIk001SQ+aIw40gnaBoACpikRPOJIZhIZm5FZIQlJtrEVDMhOIsvL5PuWdO5bF7cnzdaN2UcVTiCYzgFB66gBXfQhg4QSOEZXuHNyqwX6936mLdWrHLmEP7A+vwBmMmSEA==</latexit>

†

<latexit sha1_base64="u8GrdBPBEZa2SK0J6tnRav9R6aY=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCfUATy2QySYdOJmFmIpSQ33DjQhG3/ow7/8Zpm4W2HrhwOOde7r3HTzlT2ra/rcrK6tr6RnWztrW9s7tX3z/oqiSThHZIwhPZ97GinAna0Uxz2k8lxbHPac8f30793hOViiXiQU9S6sU4EixkBGsjuXnxmLsBjiIqi2G9YTftGdAycUrSgBLtYf3LDRKSxVRowrFSA8dOtZdjqRnhtKi5maIpJmMc0YGhAsdUefns5gKdGCVAYSJNCY1m6u+JHMdKTWLfdMZYj9SiNxX/8waZDq+9nIk001SQ+aIw40gnaBoACpikRPOJIZhIZm5FZIQlJtrEVDMhOIsvL5PuWdO5bF7cnzdaN2UcVTiCYzgFB66gBXfQhg4QSOEZXuHNyqwX6936mLdWrHLmEP7A+vwBmMmSEA==</latexit>

†
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We present, given in the figure above, the first scheme to deal with all of these

issues!

Koopman operator

Koopman operator: consider the discrete time dynamical system:

x+
k = f (xk, uk),

where xk ∈ Rn is the state vector, uk ∈ Rl is the control input, f is a transition
map, and x+ is the successor state. The Koopman operator Kt is an infinite-

dimensional operator:

Ktξ = ξ ◦ f (xk, uk),

acting on ξ ∈ H : Rn × Rl 7→ R, where ◦ denotes function composition.

<latexit sha1_base64="FNCdNJR6PYa1tpWKS/QVhjy2JUY=">AAAB+XicbVC7TsMwFL3hWcorwMhiUSExVQniNVawMBaJPqQ2ihzHaa06cWQ7FVXUP2FhACFW/oSNv8FpM0DLkSwfnXOvfHyClDOlHefbWlldW9/YrGxVt3d29/btg8O2EpkktEUEF7IbYEU5S2hLM81pN5UUxwGnnWB0V/idMZWKieRRT1LqxXiQsIgRrI3k23Y/EDxUk9hc+dPUd3275tSdGdAycUtSgxJN3/7qh4JkMU004Vipnuuk2sux1IxwOq32M0VTTEZ4QHuGJjimystnyafo1CghioQ0J9Fopv7eyHGsinBmMsZ6qBa9QvzP62U6uvFylqSZpgmZPxRlHGmBihpQyCQlmk8MwUQykxWRIZaYaFNW1ZTgLn55mbTP6+5V/fLhota4LeuowDGcwBm4cA0NuIcmtIDAGJ7hFd6s3Hqx3q2P+eiKVe4cwR9Ynz//EpPo</latexit>x1

<latexit sha1_base64="PgPWwTUCZw9055k+A6loeAZfzhA=">AAAB+XicbVC7TsMwFL0pr1JeAUaWiAqJqUoqXmMFC2OR6ENqo8hx3NaqY0e2U1FF/RMWBhBi5U/Y+BucNgO0HMny0Tn3yscnTBhV2nW/rdLa+sbmVnm7srO7t39gHx61lUglJi0smJDdECnCKCctTTUj3UQSFIeMdMLxXe53JkQqKvijnibEj9GQ0wHFSBspsO1+KFikprG5sqdZUA/sqltz53BWiVeQKhRoBvZXPxI4jQnXmCGlep6baD9DUlPMyKzSTxVJEB6jIekZylFMlJ/Nk8+cM6NEzkBIc7h25urvjQzFKg9nJmOkR2rZy8X/vF6qBzd+RnmSasLx4qFByhwtnLwGJ6KSYM2mhiAsqcnq4BGSCGtTVsWU4C1/eZW06zXvqnb5cFFt3BZ1lOEETuEcPLiGBtxDE1qAYQLP8ApvVma9WO/Wx2K0ZBU7x/AH1ucPAKWT6Q==</latexit>x2

<latexit sha1_base64="xqQ2njTbkKAVvEft4ObSa0zx+6k=">AAAB+XicbVC7TsMwFL0pr1JeAUaWiAqJqUp4jxUsjEWiD6mNIsdxW6uOHdlORRX1T1gYQIiVP2Hjb3DaDNByJMtH59wrH58wYVRp1/22Siura+sb5c3K1vbO7p69f9BSIpWYNLFgQnZCpAijnDQ11Yx0EklQHDLSDkd3ud8eE6mo4I96khA/RgNO+xQjbaTAtnuhYJGaxObKnqbBeWBX3Zo7g7NMvIJUoUAjsL96kcBpTLjGDCnV9dxE+xmSmmJGppVeqkiC8AgNSNdQjmKi/GyWfOqcGCVy+kKaw7UzU39vZChWeTgzGSM9VIteLv7ndVPdv/EzypNUE47nD/VT5mjh5DU4EZUEazYxBGFJTVYHD5FEWJuyKqYEb/HLy6R1VvOuapcPF9X6bVFHGY7gGE7Bg2uowz00oAkYxvAMr/BmZdaL9W59zEdLVrFzCH9gff4AAimT6g==</latexit>x3

<latexit sha1_base64="fOsHzSfqcFCfouwACQUKWo9EMuw=">AAAB+XicbVC7TsMwFL0pr1JeAUaWiAqJqUpQeYwVLIxFog+pjSLHcVurjh3ZTkUV9U9YGECIlT9h429w2gzQciTLR+fcKx+fMGFUadf9tkpr6xubW+Xtys7u3v6BfXjUViKVmLSwYEJ2Q6QIo5y0NNWMdBNJUBwy0gnHd7nfmRCpqOCPepoQP0ZDTgcUI22kwLb7oWCRmsbmyp5mQT2wq27NncNZJV5BqlCgGdhf/UjgNCZcY4aU6nluov0MSU0xI7NKP1UkQXiMhqRnKEcxUX42Tz5zzowSOQMhzeHamau/NzIUqzycmYyRHqllLxf/83qpHtz4GeVJqgnHi4cGKXO0cPIanIhKgjWbGoKwpCarg0dIIqxNWRVTgrf85VXSvqh5V7XLh3q1cVvUUYYTOIVz8OAaGnAPTWgBhgk8wyu8WZn1Yr1bH4vRklXsHMMfWJ8/A62T6w==</latexit>x4

<latexit sha1_base64="PHZg8nImri5XSrR++xY7eeyxndM=">AAAB+XicbVC7TsMwFL0pr1JeAUYWiwqJqUoQBcYKFsYi0YfURpHjuK1VJ45sp6KK+icsDCDEyp+w8Tc4bQZoOZLlo3PulY9PkHCmtON8W6W19Y3NrfJ2ZWd3b//APjxqK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGd7nfmVCpmIgf9TShXoSHMRswgrWRfNvuB4KHahqZK3ua+XXfrjo1Zw60StyCVKFA07e/+qEgaURjTThWquc6ifYyLDUjnM4q/VTRBJMxHtKeoTGOqPKyefIZOjNKiAZCmhNrNFd/b2Q4Unk4MxlhPVLLXi7+5/VSPbjxMhYnqaYxWTw0SDnSAuU1oJBJSjSfGoKJZCYrIiMsMdGmrIopwV3+8ippX9Tcq1r94bLauC3qKMMJnMI5uHANDbiHJrSAwASe4RXerMx6sd6tj8VoySp2juEPrM8fBTGT7A==</latexit>x5

<latexit sha1_base64="HE7nVxRbAIj3Fl0cCHVutVdKXag=">AAAB+XicbVC7TsMwFL3hWcorwMhiUSExVQniNVawMBaJPqQ2ihzHaa06cWQ7FVXUP2FhACFW/oSNv8FpM0DLkSwfnXOvfHyClDOlHefbWlldW9/YrGxVt3d29/btg8O2EpkktEUEF7IbYEU5S2hLM81pN5UUxwGnnWB0V/idMZWKieRRT1LqxXiQsIgRrI3k23Y/EDxUk9hc+dPUZ75dc+rODGiZuCWpQYmmb3/1Q0GymCaacKxUz3VS7eVYakY4nVb7maIpJiM8oD1DExxT5eWz5FN0apQQRUKak2g0U39v5DhWRTgzGWM9VIteIf7n9TId3Xg5S9JM04TMH4oyjrRARQ0oZJISzSeGYCKZyYrIEEtMtCmrakpwF7+8TNrndfeqfvlwUWvclnVU4BhO4AxcuIYG3EMTWkBgDM/wCm9Wbr1Y79bHfHTFKneO4A+szx9UAZQg</latexit>xi

<latexit sha1_base64="rxrh10rLnEOR80+5VGoWJCPlRoo=">AAAB+XicbVC7TsMwFL0pr1JeAUaWiAqJqUoQr7GChQkViT6kNoocx22tOnZkOxVV1D9hYQAhVv6Ejb/BaTNAy5EsH51zr3x8woRRpV332yqtrK6tb5Q3K1vbO7t79v5BS4lUYtLEggnZCZEijHLS1FQz0kkkQXHISDsc3eZ+e0ykooI/6klC/BgNOO1TjLSRAtvuhYJFahKbK3uaBveBXXVr7gzOMvEKUoUCjcD+6kUCpzHhGjOkVNdzE+1nSGqKGZlWeqkiCcIjNCBdQzmKifKzWfKpc2KUyOkLaQ7Xzkz9vZGhWOXhzGSM9FAtern4n9dNdf/azyhPUk04nj/UT5mjhZPX4ERUEqzZxBCEJTVZHTxEEmFtyqqYErzFLy+T1lnNu6xdPJxX6zdFHWU4gmM4BQ+uoA530IAmYBjDM7zCm5VZL9a79TEfLVnFziH8gfX5AysVlAU=</latexit>xN

<latexit sha1_base64="HBK+Fes5+OGZUrtWjAgkvEbwsl4=">AAAB9XicbVC7TsMwFL3hWcqrwMhiUSExVQniNVawMBaJPqQ2VI7jtFYdO7IdUBX1P1gYQIiVf2Hjb3DaDNByJMtH59wrH58g4Uwb1/12lpZXVtfWSxvlza3tnd3K3n5Ly1QR2iSSS9UJsKacCdo0zHDaSRTFccBpOxjd5H77kSrNpLg344T6MR4IFjGCjZUeeoHkoR7H9sqiSb9SdWvuFGiReAWpQoFGv/LVCyVJYyoM4Vjrrucmxs+wMoxwOin3Uk0TTEZ4QLuWChxT7WfT1BN0bJUQRVLZIwyaqr83MhzrPJqdjLEZ6nkvF//zuqmJrvyMiSQ1VJDZQ1HKkZEorwCFTFFi+NgSTBSzWREZYoWJsUWVbQne/JcXSeu05l3Uzu/OqvXroo4SHMIRnIAHl1CHW2hAEwgoeIZXeHOenBfn3fmYjS45xc4B/IHz+QM7MpMB</latexit>

f

<latexit sha1_base64="SlTzvTky4i8tg4QkJyelh94h+NA=">AAAB+XicbVC7TsMwFL3hWcorwMhiUSExVQniNVawMBaJPqQ2ihzHaa06TmQ7lUrUP2FhACFW/oSNv8FpM0DLkSwfnXOvfHyClDOlHefbWlldW9/YrGxVt3d29/btg8O2SjJJaIskPJHdACvKmaAtzTSn3VRSHAecdoLRXeF3xlQqlohHPUmpF+OBYBEjWBvJt+1+kPBQTWJz5U9T3/XtmlN3ZkDLxC1JDUo0ffurHyYki6nQhGOleq6Tai/HUjPC6bTazxRNMRnhAe0ZKnBMlZfPkk/RqVFCFCXSHKHRTP29keNYFeHMZIz1UC16hfif18t0dOPlTKSZpoLMH4oyjnSCihpQyCQlmk8MwUQykxWRIZaYaFNW1ZTgLn55mbTP6+5V/fLhota4LeuowDGcwBm4cA0NuIcmtIDAGJ7hFd6s3Hqx3q2P+eiKVe4cwR9Ynz8CL5Pq</latexit>z1 <latexit sha1_base64="UxqAudI5KPMKIkkLpWjh9e8VE70=">AAAB+XicbVC7TsMwFL0pr1JeAUYWiwqJqUoqXmMFC2OR6ENqo8hx3Naq40S2U6lE/RMWBhBi5U/Y+BucNgO0HMny0Tn3yscnSDhT2nG+rdLa+sbmVnm7srO7t39gHx61VZxKQlsk5rHsBlhRzgRtaaY57SaS4ijgtBOM73K/M6FSsVg86mlCvQgPBRswgrWRfNvuBzEP1TQyV/Y08+u+XXVqzhxolbgFqUKBpm9/9cOYpBEVmnCsVM91Eu1lWGpGOJ1V+qmiCSZjPKQ9QwWOqPKyefIZOjNKiAaxNEdoNFd/b2Q4Unk4MxlhPVLLXi7+5/VSPbjxMiaSVFNBFg8NUo50jPIaUMgkJZpPDcFEMpMVkRGWmGhTVsWU4C5/eZW06zX3qnb5cFFt3BZ1lOEETuEcXLiGBtxDE1pAYALP8ApvVma9WO/Wx2K0ZBU7x/AH1ucPA7OT6w==</latexit>z2

<latexit sha1_base64="gEJU2jGXi1sHcXC+vLiNTldR+dA=">AAAB+XicbVC7TsMwFL0pr1JeAUaWiAqJqUp4jxUsjEWiD6mNIsdxW6uOHdlOpRL1T1gYQIiVP2Hjb3DaDNByJMtH59wrH58wYVRp1/22Siura+sb5c3K1vbO7p69f9BSIpWYNLFgQnZCpAijnDQ11Yx0EklQHDLSDkd3ud8eE6mo4I96khA/RgNO+xQjbaTAtnuhYJGaxObKnqbBeWBX3Zo7g7NMvIJUoUAjsL96kcBpTLjGDCnV9dxE+xmSmmJGppVeqkiC8AgNSNdQjmKi/GyWfOqcGCVy+kKaw7UzU39vZChWeTgzGSM9VIteLv7ndVPdv/EzypNUE47nD/VT5mjh5DU4EZUEazYxBGFJTVYHD5FEWJuyKqYEb/HLy6R1VvOuapcPF9X6bVFHGY7gGE7Bg2uowz00oAkYxvAMr/BmZdaL9W59zEdLVrFzCH9gff4ABTeT7A==</latexit>z3

<latexit sha1_base64="OZzVQmPFTA7pwt8kGV7GVoGLAU8=">AAAB+XicbVC7TsMwFL0pr1JeAUYWiwqJqUpQeYwVLIxFog+pjSLHcVurjhPZTqUS9U9YGECIlT9h429w2gzQciTLR+fcKx+fIOFMacf5tkpr6xubW+Xtys7u3v6BfXjUVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wvsv9zoRKxWLxqKcJ9SI8FGzACNZG8m27H8Q8VNPIXNnTzK/7dtWpOXOgVeIWpAoFmr791Q9jkkZUaMKxUj3XSbSXYakZ4XRW6aeKJpiM8ZD2DBU4osrL5sln6MwoIRrE0hyh0Vz9vZHhSOXhzGSE9Ugte7n4n9dL9eDGy5hIUk0FWTw0SDnSMcprQCGTlGg+NQQTyUxWREZYYqJNWRVTgrv85VXSvqi5V7XLh3q1cVvUUYYTOIVzcOEaGnAPTWgBgQk8wyu8WZn1Yr1bH4vRklXsHMMfWJ8/BruT7Q==</latexit>z4

<latexit sha1_base64="SuttjDXO0CwbONmoTOnMP9o6bjI=">AAAB+XicbVC7TsMwFL0pr1JeAUYWiwqJqUoQBcYKFsYi0YfURpHjOK1VJ45sp1KJ+icsDCDEyp+w8Te4bQZoOZLlo3PulY9PkHKmtON8W6W19Y3NrfJ2ZWd3b//APjxqK5FJQltEcCG7AVaUs4S2NNOcdlNJcRxw2glGdzO/M6ZSMZE86klKvRgPEhYxgrWRfNvuB4KHahKbK3+a+nXfrjo1Zw60StyCVKFA07e/+qEgWUwTTThWquc6qfZyLDUjnE4r/UzRFJMRHtCeoQmOqfLyefIpOjNKiCIhzUk0mqu/N3Icq1k4MxljPVTL3kz8z+tlOrrxcpakmaYJWTwUZRxpgWY1oJBJSjSfGIKJZCYrIkMsMdGmrIopwV3+8ippX9Tcq1r94bLauC3qKMMJnMI5uHANDbiHJrSAwBie4RXerNx6sd6tj8VoySp2juEPrM8fCD+T7g==</latexit>z5
<latexit sha1_base64="ylOL9jNyTEGmM4je1w/CF0bjN98=">AAAB+XicbVC7TsMwFL3hWcorwMhiUSExVQniNVawMBaJPqQ2ihzHaa06TmQ7lUrUP2FhACFW/oSNv8FpM0DLkSwfnXOvfHyClDOlHefbWlldW9/YrGxVt3d29/btg8O2SjJJaIskPJHdACvKmaAtzTSn3VRSHAecdoLRXeF3xlQqlohHPUmpF+OBYBEjWBvJt+1+kPBQTWJz5U9Tn/l2zak7M6Bl4pakBiWavv3VDxOSxVRowrFSPddJtZdjqRnhdFrtZ4qmmIzwgPYMFTimystnyafo1CghihJpjtBopv7eyHGsinBmMsZ6qBa9QvzP62U6uvFyJtJMU0HmD0UZRzpBRQ0oZJISzSeGYCKZyYrIEEtMtCmrakpwF7+8TNrndfeqfvlwUWvclnVU4BhO4AxcuIYG3EMTWkBgDM/wCm9Wbr1Y79bHfHTFKneO4A+szx9XD5Qi</latexit>zi

<latexit sha1_base64="KAtMPlFN8tBIU24dh21TtNnGdMU=">AAAB+XicbVC7TsMwFL0pr1JeAUaWiAqJqUoQr7GChQkViT6kNoocx22tOnZkO5VK1D9hYQAhVv6Ejb/BaTNAy5EsH51zr3x8woRRpV332yqtrK6tb5Q3K1vbO7t79v5BS4lUYtLEggnZCZEijHLS1FQz0kkkQXHISDsc3eZ+e0ykooI/6klC/BgNOO1TjLSRAtvuhYJFahKbK3uaBveBXXVr7gzOMvEKUoUCjcD+6kUCpzHhGjOkVNdzE+1nSGqKGZlWeqkiCcIjNCBdQzmKifKzWfKpc2KUyOkLaQ7Xzkz9vZGhWOXhzGSM9FAtern4n9dNdf/azyhPUk04nj/UT5mjhZPX4ERUEqzZxBCEJTVZHTxEEmFtyqqYErzFLy+T1lnNu6xdPJxX6zdFHWU4gmM4BQ+uoA530IAmYBjDM7zCm5VZL9a79TEfLVnFziH8gfX5Ay4jlAc=</latexit>zN
<latexit sha1_base64="8DiID99L0DELQkxduqTFwIwiDw0=">AAAB9HicbVDLSsNAFL2pr1pfVZdugkVwVRLxtSy6EdxUsA9oQ5lMJ+3QySTO3BRK6He4caGIWz/GnX/jpM1CWw8MHM65l3vm+LHgGh3n2yqsrK6tbxQ3S1vbO7t75f2Dpo4SRVmDRiJSbZ9oJrhkDeQoWDtWjIS+YC1/dJv5rTFTmkfyEScx80IykDzglKCRvG5IcEiJSO+nPeyVK07VmcFeJm5OKpCj3it/dfsRTUImkQqidcd1YvRSopBTwaalbqJZTOiIDFjHUElCpr10FnpqnxilbweRMk+iPVN/b6Qk1HoS+mYyC6kXvUz8z+skGFx7KZdxgkzS+aEgETZGdtaA3eeKURQTQwhV3GS16ZAoQtH0VDIluItfXibNs6p7Wb14OK/UbvI6inAEx3AKLlxBDe6gDg2g8ATP8Apv1th6sd6tj/lowcp3DuEPrM8fFe2SUg==</latexit>

Kt

<latexit sha1_base64="fsfwrlMsIwRpo3PPLy2WhdBklvs=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjPia1l040aoYB8wHUomzbShmWRI7ghl6Ge4caGIW7/GnX9jpp2Fth4IHM65l5x7wkRwA6777ZRWVtfWN8qbla3tnd296v5B26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHt7nfeWLacCUfYZKwICZDySNOCVjJ78UERpSI7H7ar9bcujsDXiZeQWqoQLNf/eoNFE1jJoEKYozvuQkEGdHAqWDTSi81LCF0TIbMt1SSmJkgm0We4hOrDHCktH0S8Ez9vZGR2JhJHNrJPKJZ9HLxP89PIboOMi6TFJik84+iVGBQOL8fD7hmFMTEEkI1t1kxHRFNKNiWKrYEb/HkZdI+q3uX9YuH81rjpqijjI7QMTpFHrpCDXSHmqiFKFLoGb2iNwecF+fd+ZiPlpxi5xD9gfP5A4XKkW0=</latexit>

M

<latexit sha1_base64="ESWrF/JkizZ6y+gjEODIFuAhUsA=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsq9gHttGTStA1NMkOSUcow/+HGhSJu/Rd3/o2ZdhZaPRA4nHMv9+QEEWfauO6XU1haXlldK66XNja3tnfKu3tNHcaK0AYJeajaAdaUM0kbhhlO25GiWASctoLJdea3HqjSLJT3ZhpRX+CRZENGsLFSryuwGQdBcpf2EpH2yxW36s6A/hIvJxXIUe+XP7uDkMSCSkM41rrjuZHxE6wMI5ympW6saYTJBI9ox1KJBdV+MkudoiOrDNAwVPZJg2bqz40EC62nIrCTWUq96GXif14nNsNLP2Eyig2VZH5oGHNkQpRVgAZMUWL41BJMFLNZERljhYmxRZVsCd7il/+S5knVO6+e3Z5Wald5HUU4gEM4Bg8uoAY3UIcGEFDwBC/w6jw6z86b8z4fLTj5zj78gvPxDRMYkuc=</latexit>

Rm

<latexit sha1_base64="d4HCxP+lH/kmEryNIVIBPBo16X0=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkVwY0nE17LoxmVF+4A2lMn0ph06eTBzIy0hv+LGhSJu/RF3/o3TNgttPXDhcM69M/ceLxZcoW1/G4WV1bX1jeJmaWt7Z3fP3C83VZRIBg0WiUi2PapA8BAayFFAO5ZAA09AyxvdTv3WE0jFo/ARJzG4AR2E3OeMopZ6ZrmLMMb0ASnCqYopg6xnVuyqPYO1TJycVEiOes/86vYjlgQQIhNUqY5jx+imVCJnArJSN1GgXx7RAXQ0DWkAyk1nu2fWsVb6lh9JXSFaM/X3REoDpSaBpzsDikO16E3F/7xOgv61m/IwThBCNv/IT4SFkTUNwupzCQzFRBPKJNe7WmxIJWWo4yrpEJzFk5dJ86zqXFYv7s8rtZs8jiI5JEfkhDjkitTIHamTBmFkTJ7JK3kzMuPFeDc+5q0FI585IH9gfP4AeTyUvA==</latexit> S
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e

<latexit sha1_base64="c9B9CBuosuAOJAJZ0HyeCdf/CoE=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwY0nE17LoxoWLCvYBbSiTyU07dPJg5kYsof6KGxeKuPVD3Pk3TtsstPXAhcM5987ce7xEcIW2/W0UlpZXVteK66WNza3tHXN3r6niVDJosFjEsu1RBYJH0ECOAtqJBBp6Alre8Hritx5AKh5H9zhKwA1pP+IBZxS11DPLXYRHzG55gOAfq4QyGPfMil21p7AWiZOTCslR75lfXT9maQgRMkGV6jh2gm5GJXImYFzqpgr0y0Pah46mEQ1Budl0+bF1qBXfCmKpK0Jrqv6eyGio1Cj0dGdIcaDmvYn4n9dJMbh0Mx4lKULEZh8FqbAwtiZJWD6XwFCMNKFMcr2rxQZUUoY6r5IOwZk/eZE0T6rOefXs7rRSu8rjKJJ9ckCOiEMuSI3ckDppEEZG5Jm8kjfjyXgx3o2PWWvByGfK5A+Mzx8pCpUd</latexit> L
if
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e

<latexit sha1_base64="J3uGrIeVURPpUiCJ9dEuYmN7v14=">AAAB+nicbVDLTsMwEHR4lvJK4cjFokLiQpUgXscKLpxQkehDaqPKcZ3WquNE9gaoQj+FCwcQ4sqXcONvcNocoGWklUYzu/bu+LHgGhzn21pYXFpeWS2sFdc3Nre27dJOQ0eJoqxOIxGplk80E1yyOnAQrBUrRkJfsKY/vMr85j1TmkfyDkYx80LSlzzglICRunapA+wR0ptIHmVPEDXu2mWn4kyA54mbkzLKUevaX51eRJOQSaCCaN12nRi8lCjgVLBxsZNoFhM6JH3WNlSSkGkvnaw+xgdG6eEgUqYk4In6eyIlodaj0DedIYGBnvUy8T+vnUBw4aVcxgkwSacfBYnAEOEsB9zjilEQI0MIVdzsiumAKELBpFU0IbizJ8+TxnHFPauc3p6Uq5d5HAW0h/bRIXLROaqia1RDdUTRA3pGr+jNerJerHfrY9q6YOUzu+gPrM8fsGCUSw==</latexit>

Non-linear

<latexit sha1_base64="9igYHmoBzpxCkWGCfMDllW2xDq4=">AAAB9HicbVC7SgNBFJ2NrxhfUUubwSBYhV3xVQZtLCwimAckS5id3CRDZmfXmbvBsOQ7bCwUsfVj7PwbJ8kWGj0wcDjnHu6dE8RSGHTdLye3tLyyupZfL2xsbm3vFHf36iZKNIcaj2SkmwEzIIWCGgqU0Iw1sDCQ0AiG11O/MQJtRKTucRyDH7K+Ej3BGVrJbyM8Ynprw0xPOsWSW3ZnoH+Jl5ESyVDtFD/b3YgnISjkkhnT8twY/ZRpFFzCpNBODMSMD1kfWpYqFoLx09nRE3pklS7tRdo+hXSm/kykLDRmHAZ2MmQ4MIveVPzPayXYu/RToeIEQfH5ol4iKUZ02gDtCg0c5dgSxrWwt1I+YJpxtD0VbAne4pf/kvpJ2Tsvn92dlipXWR15ckAOyTHxyAWpkBtSJTXCyQN5Ii/k1Rk5z86b8z4fzTlZZp/8gvPxDVOWkno=</latexit>

Linear
<latexit sha1_base64="HQsZiTkZIHNwxfAV5NPqDwHRNaE=">AAACA3icbVDJSgNBEO2JW4xb1JteGoPgKcyI2zGYi8cIZoEkhJ5OJWnS0zN014SEIeDFX/HiQRGv/oQ3/8bOctDEBwWP96q6q54fSWHQdb+d1Mrq2vpGejOztb2zu5fdP6iYMNYcyjyUoa75zIAUCsooUEIt0sACX0LV7xcnfnUA2ohQPeAogmbAukp0BGdopVb2qIEwxKQYqgEMqQGmeY+aiHEYt7I5N+9OQZeJNyc5Mkeplf1qtEMeB6CQS2ZM3XMjbCZMo+ASxplGbMC+3GddqFuqWACmmUxvGNNTq7RpJ9S2FNKp+nsiYYExo8C3nQHDnln0JuJ/Xj3Gzk0zESqKERSffdSJJcWQTgKhbaGBoxxZwrgWdlfKe0wzjja2jA3BWzx5mVTO895V/vL+Ile4nceRJsfkhJwRj1yTArkjJVImnDySZ/JK3pwn58V5dz5mrSlnPnNI/sD5/AFrFpgH</latexit>

Convex search space

<latexit sha1_base64="BJsKqaZDAi1vjRklVZd4pqoiZUA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoRW8V7Ac0oWy2m3bpZhN2J2IJ/RtePCji1T/jzX/jps1Bqw8GHu/NMDMvSATX6DhfVmlpeWV1rbxe2djc2t6p7u61dZwqylo0FrHqBkQzwSVrIUfBuoliJAoE6wTj69zvPDCleSzvcZIwPyJDyUNOCRrJ85A9YnYrkxSn/WrNqTsz2H+JW5AaFGj2q5/eIKZpxCRSQbTuuU6CfkYUcirYtOKlmiWEjsmQ9QyVJGLaz2Y3T+0jowzsMFamJNoz9edERiKtJ1FgOiOCI73o5eJ/Xi/F8NLPeP4Sk3S+KEyFjbGdB2APuGIUxcQQQhU3t9p0RBShaGKqmBDcxZf/kvZJ3T2vn92d1hpXRRxlOIBDOAYXLqABN9CEFlBI4Ale4NVKrWfrzXqft5asYmYffsH6+Aa4KJIl</latexit>

Input

<latexit sha1_base64="g76hC6ueRAFGrtBK2HAvLyKTcnM=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQzm4jGCeUCyhNnJbDJkdmeZ6RXDks/w4kERr36NN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bRqWa8QZTUul2QA2XIuYNFCh5O9GcRoHkrWBUm/qtR66NUPEDjhPuR3QQi1AwilbqdJE/YVZTBie9UtmtuDOQZeLlpAw56r3SV7evWBrxGJmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LI1pxI2fzU6ekFOr9EmotK0YyUz9PZHRyJhxFNjOiOLQLHpT8T+vk2J442ciTlLkMZsvClNJUJHp/6QvNGcox5ZQpoW9lbAh1ZShTaloQ/AWX14mzfOKd1W5vL8oV2/zOApwDCdwBh5cQxXuoA4NYKDgGV7hzUHnxXl3PuatK04+cwR/4Hz+ANoJkaQ=</latexit>

Cost

<latexit sha1_base64="BJsKqaZDAi1vjRklVZd4pqoiZUA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoRW8V7Ac0oWy2m3bpZhN2J2IJ/RtePCji1T/jzX/jps1Bqw8GHu/NMDMvSATX6DhfVmlpeWV1rbxe2djc2t6p7u61dZwqylo0FrHqBkQzwSVrIUfBuoliJAoE6wTj69zvPDCleSzvcZIwPyJDyUNOCRrJ85A9YnYrkxSn/WrNqTsz2H+JW5AaFGj2q5/eIKZpxCRSQbTuuU6CfkYUcirYtOKlmiWEjsmQ9QyVJGLaz2Y3T+0jowzsMFamJNoz9edERiKtJ1FgOiOCI73o5eJ/Xi/F8NLPeP4Sk3S+KEyFjbGdB2APuGIUxcQQQhU3t9p0RBShaGKqmBDcxZf/kvZJ3T2vn92d1hpXRRxlOIBDOAYXLqABN9CEFlBI4Ale4NVKrWfrzXqft5asYmYffsH6+Aa4KJIl</latexit>

Input

<latexit sha1_base64="g76hC6ueRAFGrtBK2HAvLyKTcnM=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQzm4jGCeUCyhNnJbDJkdmeZ6RXDks/w4kERr36NN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bRqWa8QZTUul2QA2XIuYNFCh5O9GcRoHkrWBUm/qtR66NUPEDjhPuR3QQi1AwilbqdJE/YVZTBie9UtmtuDOQZeLlpAw56r3SV7evWBrxGJmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LI1pxI2fzU6ekFOr9EmotK0YyUz9PZHRyJhxFNjOiOLQLHpT8T+vk2J442ciTlLkMZsvClNJUJHp/6QvNGcox5ZQpoW9lbAh1ZShTaloQ/AWX14mzfOKd1W5vL8oV2/zOApwDCdwBh5cQxXuoA4NYKDgGV7hzUHnxXl3PuatK04+cwR/4Hz+ANoJkaQ=</latexit>

Cost

<latexit sha1_base64="+JlNfKDthwiMW5t1U58ZBWrCSus=">AAACB3icbVDLSgMxFM3UV62vUZeCBIvgxjIjvpZiN66kglWhLSWT3trQTDIkd4pl6M6Nv+LGhSJu/QV3/o3pY+HrwIXDOfcm954okcJiEHx6uanpmdm5/HxhYXFpecVfXbuyOjUcqlxLbW4iZkEKBVUUKOEmMcDiSMJ11C0P/eseGCu0usR+Ao2Y3SrRFpyhk5r+Zh3hDrNzrXbLWvXgjlpghneoTRiHQdMvBqVgBPqXhBNSJBNUmv5HvaV5GoNCLpm1tTBIsJExg4JLGBTqqQX3cpfdQs1RxWKwjWx0x4BuO6VF29q4UkhH6veJjMXW9uPIdcYMO/a3NxT/82opto8bmVBJiqD4+KN2KilqOgyFtoQBjrLvCONGuF0p7zDDOLroCi6E8PfJf8nVXik8LB1c7BdPTidx5MkG2SI7JCRH5ISckQqpEk7uySN5Ji/eg/fkvXpv49acN5lZJz/gvX8BMQmZhw==</latexit>

Non-Convex search space

<latexit sha1_base64="adBHCypPYWL80vKN/pP3w57r1wA=">AAACM3icbVDLSsNAFJ3UV62vqEs3g0WoKCURXxuh6EZcVbAPSEOZTCbt0MmDmYlYQv7JjT/iQhAXirj1H5y0WfThhWEO55zLvfc4EaNCGsa7VlhYXFpeKa6W1tY3Nrf07Z2mCGOOSQOHLORtBwnCaEAakkpG2hEnyHcYaTmDm0xvPRIuaBg8yGFEbB/1AupRjKSiuvpdxwmZK4a++pKn1BocmTa8gpOsl1ZmTfbxlCPOqMOuXjaqxqjgPDBzUAZ51bv6a8cNceyTQGKGhLBMI5J2grikmJG01IkFiRAeoB6xFAyQT4SdjG5O4YFiXOiFXL1AwhE72ZEgX2TrKaePZF/Mahn5n2bF0ru0ExpEsSQBHg/yYgZlCLMAoUs5wZINFUCYU7UrxH3EEZYq5pIKwZw9eR40T6rmefXs/rRcu87jKII9sA8qwAQXoAZuQR00AAbP4A18gi/tRfvQvrWfsbWg5T27YKq03z8biaxv</latexit>

x[k + 1] = f(x[k],u[k])

<latexit sha1_base64="Tsf18Dh3+NAnYS6fBwihUrYmZgM=">AAACOXicbVDLSsNAFJ34rPUVdelmsAhCoSTiayPUunFZwT4gCWUymbRDJw9mJkIN+S03/oU7wY0LRdz6A07aILX1wjCHc+7lnnvcmFEhDeNFW1hcWl5ZLa2V1zc2t7b1nd22iBKOSQtHLOJdFwnCaEhakkpGujEnKHAZ6bjD61zv3BMuaBTeyVFMnAD1Q+pTjKSienrTdiPmiVGgvvQhs4ZV04GX0A6QHLh+epXB2QYHVn/lRjatJrna0ytGzRgXnAdmASqgqGZPf7a9CCcBCSVmSAjLNGLppIhLihnJynYiSIzwEPWJpWCIAiKcdHx5Bg8V40E/4uqFEo7Z6YkUBSJ3pzpzy2JWy8n/NCuR/oWT0jBOJAnxZJGfMCgjmMcIPcoJlmykAMKcKq8QDxBHWKqwyyoEc/bkedA+rplntdPbk0q9UcRRAvvgABwBE5yDOrgBTdACGDyCV/AOPrQn7U371L4mrQtaMbMH/pT2/QO3ka67</latexit>

z[k + 1] = Az[k] +Bu[k]
<latexit sha1_base64="cvce87DN7MB/7DdaEpvVVoM4sNU=">AAAB+XicbVC7TsMwFL3hWcorwMhiUSExVQniNVawMBaJPqQmqhzHaa06cWQ7FVXUP2FhACFW/oSNv8FpM0DLkSwfnXOvfHyClDOlHefbWlldW9/YrGxVt3d29/btg8O2EpkktEUEF7IbYEU5S2hLM81pN5UUxwGnnWB0V/idMZWKieRRT1Lqx3iQsIgRrI3Ut20vEDxUk9hcuffEpn275tSdGdAycUtSgxLNvv3lhYJkMU004Vipnuuk2s+x1IxwOq16maIpJiM8oD1DExxT5eez5FN0apQQRUKak2g0U39v5DhWRTgzGWM9VIteIf7n9TId3fg5S9JM04TMH4oyjrRARQ0oZJISzSeGYCKZyYrIEEtMtCmrakpwF7+8TNrndfeqfvlwUWvclnVU4BhO4AxcuIYG3EMTWkBgDM/wCm9Wbr1Y79bHfHTFKneO4A+szx9PIZQd</latexit>

⇠

<latexit sha1_base64="B3t6Rk4wX3Lfkx4RKLHs5dzL78I="></latexit>

Z[k + 1] = Kt⌥ =
⇥
A B

⇤ Z
U

�

Koopman operator is an effective method to offer a linear representation of non-

linear systems in in infinite-dimensional space by its action on the Hilbert space

H of measurement functions ξ.

Extended dynamic mode decomposition (EDMD)

Koopman’s infinite-dimensional nature requires a finite approximation. EDMDwith

the right observables achieves this.

Theorem: consider a dynamical system x+
k = f (xk, uk) ≈ Axk + Buk and dataset

D. The system can be written as:

Ξ(X+) =
[
A B

] [Ξ(X)
Γ

]
= K̂tΩ̄,

solving

K̂t = arg min
K̂t

‖Ξ(X+) − K̂tΩ̄‖F.

will get an approximation for the Koopman operator.

After resolving the operator K̂t the linear lifted approximation of nonlinear dynam-

ics becomes

z+
k = Azk + Buk

xk = Czk.

with a higher dimension that the original state space of the system.

Motivated by the literature we come up with observable functions as

Ξ(x) =
[
1, x, pWB, ṗWB, sin(pWB), cos(pWB), vec(R × ωWB)

]
∈ R39.

Koopman meets LQR

Consider a quadratic cost function:

J = minimize
u0,...,uN−1

N−1∑
0

x>(τ )Qx(τ ) + u>(τ )Ru(τ ),

If Koopman linearization is considered, the cost function still holds but with minor

modifications as follows

Q̄ =
[

Qn×n 0p−n×p−n

0p−n×p−n 0p−n×p−n

]
p×p

, R̄ = R

Theorem: It is possible to have a matrix L, and a control law in the form of

u = −Lx such that the cost J is minimum with a Koopman linearized dynamics.

Application to quadrotor

Koopman-LQR can be applied to control and stabilize very nonlinear topoligies like

quadrotors.

Quadrotor application: Consider a quadrotor dynamics given by the following

ẋ = d

dt


pWB

ṗWB

qWB

ωB

 = f (x, u) =


pW

1
m qWB · TB + gW

1
2qWB ⊗ ωB

J−1 (τB − ωB × JωB)

 ,

and

TB =

 0
0∑
Ti

 and τB =

 l(−T0 − T1 + T2 + T3)
l(−T0 + T1 + T2 − T3)
cτ(−T0 + T1 − T2 + T3)

 ,

the goal is to derive a linear formulation of this system then stabilize it.

Application to quadrotor: stability and performance analysis
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The problem uses 39 observable functions. Learning the Koopman operator on

an M2 MacBook Air took 0.1393 seconds. Inference over 200 timesteps totaled

0.0035 seconds, averaging 1.74 × 10⁻⁵ seconds per iteration.

states %NRMSE

pWB – Position 3.2529 ± 2.3216
ṗWB – Velocity 4.8129 ± 3.8608
EWB – Euler angles 2.4398 ± 2.4263
ωB – Angular velocity 7.8525 ± 6.6367
Mean 4.5895 ± 3.8114

Check out our paper!
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